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In 1977, Mishra and Sudarshan showed that an unstable particle would never be found decayed 
while it was continuously observed. They called this effect the quantum Zeno effect (or paradox). 
Later it was realized that the frequent measurements could also accelerate the decay (quantum anti- 
Zeno effect). In this paper we investigate the quantum Zeno effect using the definite model of the 
measurement. We take into account the finite duration and the finite accuracy of the measurement. 
A general equation for the jump probability during the measurement is derived. We find that the 
measurements can cause inhibition (quantum Zeno effect) or acceleration (quantum anti-Zeno effect) 
of the evolution, depending on the strength of the interaction with the measuring device and on the 
properties of the system. However, the evolution cannot be fully stopped. 
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I ■ Theory of measurements has a special status in quantum mechanics. Unlike classical mechanics, in quantum 
^ ' mechanics it cannot be assumed that the effect of the measurement on the system can be made arbitrarily small. 
It is necessary to supplement quantum theory with additional postulates, describing the measurement. One of such 
additional postulate is von Neumann's state reduction (or projection) postulate Q. The essential peculiarity of 
this postulate is its nonunitary character. However, this postulate refers only to an ideal measurement, which is 
instantaneous and arbitrarily accurate. Real measurements are described by the projection postulate only roughly. 

The important consequence of von Neumann's projection postulate is the quantum Zeno effect. In quantum 
mechanics short-time behavior of nondecay probability of unstable particle is not exponential but quadratic || . This 
deviation from the exponential decay has been observed by Wilkinson et al. ||. In 1977, Mishra and Sudarshan Q] 
showed that this behavior when combined with the quantum theory of measurement, based on the assumption of the 
collapse of the wave function, leaded to a very surprising conclusion: frequent observations slowed down the decay. 
An unstable particle would never decay when continuously observed. Mishra and Sudarshan have called this effect the 
quantum Zeno paradox or effect. The effect is called so in allusion to the paradox stated by Greek philosopher Zeno (or 
Zenon) of Elea. The very first analysis does not take into account the actual mechanism of the measurement process 
involved, but it is based on an alternating sequence of unitary evolution and a collapse of the wave function. The Zeno 
effect has been experimentally proved || in a repeatedly measured two- level system undergoing Rabi oscillations. The 
outcome of this experiment has also been explained without the collapse hypothesis [^|-|8) . 

Later it was realized that the repeated measurements could not only slow the quantum dynamics but the quantum 
process may be accelerated by frequent measurements as well ]9]-|l5[]. This effect was called a quantum anti-Zeno 
effect by Kaulakys and Gontis [[l0| , who argued that frequent interrogations may destroy quantum localization effect 
in chaotic systems. An effect, analogous to the quantum anti-Zeno effect has been obtained in a computational study 
involving barrier penetration, too Jig ]. Recently, an analysis of the acceleration of a chemical reaction due to the 
quantum anti-Zeno effect has been presented in Rcf. fl7| . 

Although a great progress in the investigation of the quantum Zeno effect has been made, this effect is not completely 
understood as yet. In the analysis of the quantum Zeno effect the finite duration of the measurement becomes 
important, therefore, the projection postulate is not sufficient to solve this problem. The complete analysis of the 
Zeno effect requires a more precise model of measurement than the projection postulate. 

The purpose of this article is to consider such a model of the measurement. The model describes a measurement of 
the finite duration and finite accuracy. Although the used model does not describe the irreversible process, it leads, 
however, to the correct correlation between the states of the measured system and the measuring apparatus. 

Due to the finite duration of the measurement it is impossible to consider infinitely frequent measurements, as in 
Ref. Q. The highest frequency of the measurements is achieved when the measurements are performed one after 
another, without the period of the measurement-free evolution between two successive measurements. In this paper 
we consider such a sequence of the measurements. Our goal is to check whether this sequence of the measurements 
can change the evolution of the system and to verify the predictions of the quantum Zeno effect. 
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The work is organized as follows. In section[l| we present the model of the measurement. A simple case is considered 
in section 



III in order to determine the requirements for the duration of the measurement. In section IV we derived 
a general formula for the probability of the jump into another level during the measurement. The effect of repeated 
measurements on the syste m with a discrete spectrum is investigated in section The decaying system is considered 



in section 0. Section |Vn| summarizes our findings 



II. MODEL OF THE MEASUREMENTS 

We consider a system which consists of two parts. The first part of the system has the discrete energy spectrum. 
The Hamiltonian of this part is Hq . The other part of the system is represented by Hamiltonian Hi . Hamiltonian 
Hi commutes with Hq. In a particular case the second part can be absent and Hi can be zero. The operator V(t) 
causes the jumps between different energy levels of Hq. Therefore, the full Hamiltonian of the system equals to 
Hs = Hq + Hi + V(t). The example of such a system is an atom with the Hamiltonian Hq interacting with the 
electromagnetic field, represented by Hi. 

We will measure in which eigenstate of the Hamiltonian Hq the system is. The measurement is performed by 
coupling the system with the detector. The full Hamiltonian of the system and the detector equals to 

H = H S + H D + Hi (1) 

where Hd is the Hamiltonian of the detector and Hj represents the interaction between the detector and the system. 
We choose the operator Hi in the form 

Hi = MHq (2) 

where q is the operator acting in the Hilbert space of the detector and the parameter A describes the strength of the 
interaction. This system — detector interaction is that considered by von Neumann jj] and in Refs. jl8] ^2). In order 
to obtain a sensible measurement, the parameter A must be large. We require a continuous spectrum of operator q. 
For simplicity, we can consider the quantity q as the coordinate of the detector. 

The measurement begins at time moment to. At the beginning of the interaction with the detector, the detector is 
in the pure state |$). The full density matrix of the system and detector is p(to) = ps(to) |$) ($| where ps(to) is 
the density matrix of the system. The duration of the measurement is r. After the measurement the density matrix 

of the system is ps{r + to) = Tro ^U(t + to) (ps(to) ® |$) ($|) U^(t + to) j and the density matrix of the detector is 

Pd{t + to) = Trs ^U{t + to) (ps(*o) ® |$) ($|) U^(t + to) j where U(t) is the evolution operator of the system and 
detector, obeying the equation 

ih^-U(t) = H(t)U(t) (3) 

with the initial condition U{to) = 1. 

Since the initial density matrix is chosen in a factorizable form, the density matrix of the system after the interaction 
depends linearly on the density matrix of the system before the interaction. We can represent this fact by the equality 

Ps(T + t Q ) = S(T,t )p S (to) (4) 

where S(t, to) is the superoperator acting on the density matrices of the system. If the vectors \n) form the complete 
basis in the Hilbert space of the system we can rewrite Eq. (J4J) in the form 

Ps(-r + t ) pr = 5(r,t )"™ps(t ) nm (5) 

where the sum over the repeating indices is supposed. The matrix elements of the superoperator are 

S(t, to)™ = Tr D {(p\ U(t + 1 ) (|n> (m| ® |<&) ($|) U\r + t ) |r>} . (6) 

Due to the finite duration of the measurement it is impossible to realize the infinitely frequent measurements. The 
highest frequency of the measurements is achieved when the measurements are performed one after another without 
the period of the measurement-free evolution between two successive measurements. Therefore, we model a continuous 
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measurement by the subsequent measurements of the finite duration and finite accuracy. After N measurements the 
density matrix of the system is 

Ps(Nr) = S(t, (N - l)r) . . . S(t, t)S(t, 0)p s (0). (7) 

Further, for simplicity we will neglect the Hamiltonian of the detector. After this assumption the evolution operator 
is equal to U(t, 1 + Xq) where the operator U(t,t;) obeys the equation 

in^u(t, = (effo + H, + V(t + to)) U(t, (8) 

with the initial condition U(to,C) = 1. Then the superoperator S(r,to) is 

S(r,t )™ = / dq\(qm 2 (p\U(r + t ,l + Xq)\n)(m\U^T + t ,l + Xq)\r). (9) 



III. MEASUREMENT OF THE UNPERTURBED SYSTEM 



In order to estimate the necessary duration of the single measurement it is convenient to consider the case when the 
operator V = 0. In such a case the description of the evolution is simpler. The measurement of this kind occurs also 
when the influence of the perturbation operator V is small in comparison with the interaction between the system 
and the detector and, therefore, the operator V can be neglected. 

We can choose the basis \na) common for the operators Hq and Hi, 

Hq \na) — E n \na) (10) 
H\\na) = Ei(n, a) \na) (11) 

where n numbers the eigenvalues of the Hamiltonian Hq and a represents the remaining quantum numbers. Since 
the Hamiltonian of the system does not depend on t we will omit the parameter to in this section. From Eq. (|^) we 
obtain the superoperator S(t) in the basis \na) 

S ( T )S,'™? = 8 np S mr 6(ai, a 3 )5(a 2 , a.4) eiq>(iuj ma2 , nai T) 

x J dq\{q\§)\ 2 cxp(iXuj mn Tq) (12) 

where 

w mn = ^(E m — E n ) , (13) 

_ , E 1 (m,a 2 ) - E 1 (n,a 1 ) 

n 

and S(-, ■) represent the Kronecker's delta in a discrete case and the Dirac's delta in a continuous case. Eq. ( |l2| ) can 
be rewritten using the correlation function 

F{v) = ($| exp(iz/<?) |$) . (15) 

We can express this function as F(y) — J dq\(q |3>}| 2 exp(ii/q) = J dp ($>\p)(p — j- 1$). Since vector |$) is normalized, 
the function F{y) tends to zero when \v\ increases. There exists a constant C such that the correlation function \F {v)\ 
is small if the variable \v\ > C. 

Then the equation for the superoperator S(t) is 

£( r )pa 3 \'TO4 2 = 8 np 5 mr 5(ai,a 3 )6(a 2 ,a4) e-np(iuj ma2inai T)F(XTUj mn ). (16) 

Using Eqs. @ and ( |l6|) we find that after the measurement the non-diagonal elements of the density matrix of the 
system become small, since F(XTLo mn ) is small for n ^ m when Ar is large. 
The density matrix of the detector is 
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(q\ Mr) \qi) = (q 1$) <*l qi)Tr{u(r, 1 + Xq)p s (0)U^T, 1 + Agi)} . (17) 
From Eqs. @ and ( p7| ) we obtain 

<?l ki) = I*) ( $ l 9i) exp(iA™„( 9l - g)) («> "I Ps(0) |n, a) (18) 

n a 

where 

w„ = -£„. (19) 

n, 

The probability that the system is in the energy level n may be expressed as 

P(n)=5^(n,a|p s (0)|n,a>. (20) 

a 

Introducing the state vectors of the detector 

\®e) = cxp (~\te£\ |$) (21) 
we can express the density operator of the detector as 

p D (T)=J2\*Ej(* E jP(n). (22) 

n 

The measurement is complete when the states \§>e) are almost orthogonal. The different energies can be separated 
only when the overlap between the corresponding states \$>e) is almost zero. The scalar product of the states \$>e) 
with different energies E\ and E2 is 

\<S>e 2 ) =F(\tlo 12 ). (23) 

The correlation function |i 7 '(^')| is small when \v\ > C. Therefore, we have the estimation for the error of the energy 
measurement AE as 

XtAE > UC (24) 
and we obtain the expression for the necessary duration of the measurement 

r &l£g < 25) 

where 

A = ^. (26) 

Since in our model the measurements are performed immediately one after the other, from Eq. ( p5|) it follows that 
the rate of measurements is proportional to the strength of the interaction A between the system and the measuring 
device. 



IV. MEASUREMENT OF THE PERTURBED SYSTEM 

The operator V{t) represents the perturbation of the unperturbed Hamiltonian Hq + Hi. We will take into account 
the influence of the operator V by the perturbation method, assuming that the strength of the interaction A between 
the system and detector is large. 

The operator V(t) in the interaction picture is 

V{t,t ,0 = exp f^Ho+H^t) V(t + t )exp (-LfcHo+HJt) . (27) 
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In the second order approximation the evolution operator equals to 



Cty-,to,0«e*p (--^Ho + Hxy) \ l + - / dtV(t,t ,0 



I dh I dt 2 V{ti,t ,(,)V(t2,toO 



(28) 



Using Eqs. (|) and @) we can obtain the superoperator S in the second orde r ap pr oxi mation , to o. The expression 
for the matrix elements of the superoperator S is given in the appendix (Eqs. (|Al[), (|a|) and (|A3|)). 

The probability of the jump from the level \ia) to the level \fcti) during the measurement is W(ia — * fot\) = 
S(T,t o y f a a [ a fQi . Using Eqs. (|A|) and (|A3|) we obtain 



(29) 



W(ia ->• /ai) = -2 / dh I dt 2 F(Xuj tf (t 2 - *i))V(t 1 + to)/a llM U(t 2 + *o)te,/ai 
Jo Jo 
x exp {iuj ia j ai (t 2 - ti)) . 



The expression for the jump probability can be further simplified if the operator V does not depend on t. We 
introduce the function 



®(t)fai,ia = \Vf ai .ia\ exp ( -(£'i(/,Q! 1 ) - Et{i,a))t 



Changing variables we can rewrite the jump probability as 



W(ia — > /ai) = — o Rc / dtF(Xujfit) exp(wj/it)(r — 

h 



Introducing the Fourier transformation of <&{t) f ai ,iu 

1 f 00 
2tt J^oo 



and using Eq. (31) we obtain the equality 



2lTT 

W(ia -> /ai) = —j- / dujG(uj)f auia P(uj) i f 



where 



P(uo)if = —Re / dtF(\u)ift) exp(j(o; — u>if)t) I 1 



From Eq. (|34|), using the equality F(0) = 1, we obtain 

/" duP{w) if = 1. 

The quantity G equals to 

G{u>)fai,ia = h \Vf ai ,ia\ ${ E l(f) a l) - E l(h a ) - Tw)- 

We see that the quantity G(u>) characterizes the perturbation. 



(30) 



(31) 



(32) 



(33) 



(34) 



(35) 



(36) 



V. THE DISCRETE SPECTRUM 

Let us consider the measurement effect on the system with the discrete spectrum. The Hamiltonian Hq of the 
system has a discrete spectrum, the operator H\ = 0, and the operator V(t) represents a perturbation resulting in 
the quantum jumps between the discrete states of the system Hq. 
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For the separation of the energy levels, the error in the measurement should be smaller than the distance between 
the nearest energy levels of the system. It follows from this requirement and Eq. (|2^) that the measurement time 
t > A J , where ui m i n is the smallest of the transition frequencies \u>if\. 

When A is large then |F(Acc)| is not very small only in the region |x| < A -1 . We can estimate the probability of the 
jump to the other energy level during the measurement, replacing F{y) by 2C5{v)'m. Eq. (p9|). Then from Eq. ( |29| ) 
we obtain 

W(ia -»■ /ai) m -2-^ -/ dt\V(t + t a ) tai . fa \ 2 . (37) 

h A\tjJif\ Jo 

We see that the probability of the jump is proportional to A^ 1 . Consequently, for large A, i.e. for the strong 
interaction with the detector, the jump probability is small. This fact represents the quantum Zeno effect. However, 
due to the finiteness of the interaction strength the jump probability is not zero. After sufficiently large number 
of measurements the jump occurs. We can estimate the number of measurements N after which the system jumps 
into other energy levels from the equality | |^max| 2 N ~ 1 where |Vmax| is the largest matrix element of the 

perturbation operator V. This estimation allows us to introduce the characteristic time, during which the evolution 
of the system is inhibited 

t iah ^tN = A^^4 ■ ( 38 ) 
9 V 

^ V max | 

We call this duration the inhibition time (it is natural to call this duration the Zeno time, but this term has already 
different meaning). 

The full probability of the jump from level \ia) to other levels is W(ia) = Ylf ai W(ia — > fa\). From Eq. ( |37| ) we 
obtain 

W M = wi £ 177-7 f dt v {t + io W« 2 ■ ( 39 ) 

n A ~^ \u)if \ Jo 

If the matrix elements of the perturbation V between different levels are of the same size then the jump probability 
increases linearly with the number of the energy levels. This behavior has been observed in Ref. |23j| . 

Due to the unitarity of the operator U(t,£) it follows from Eq. (Q) that the superoperator S(r,to) obeys the 
equalities 

E MS™" 2 = Ua,«, (40a) 

■p,a 

If the system has a finite number of energy levels, the density matrix of the system is diagonal and all state s are 
equally occupied (i.e., p{to) nai , ma2 — -^S nm 5 ai ^ a2 where K is the number of the energy levels) then from Eq. ( |40b| ) 
it follows that S(r,to)p(to) = p(to). Such a density matrix is the stable point of the map p — > Sp. Therefore, we can 
expect that after a large number of measurements the density matrix of the system tends to this density matrix. 
When A is large and the duration of the measurement is small, we can neglect the non-diagonal e lem en ts in the 



density matrix of the system, since they always are of order A 1 . Replacing F(u) by 2C5{v) in Eqs. (Al), (A2) and 



(A3) and neglecting the elements of the superoperator S that cause the arising of the non-diagonal elements of the 



density matrix, we can write the equation for the superoperator S as 

A 
where 



S(r, to) n P Z? a 7 » S pn S(a 3 , a 1 )6 rm 6{a 4 ,a 2 )6 pr + \a(t, t )%%% 6 pr 6 nm (41) 



Mr, h) P :Z:Z = tt, — r / ^( f + t ) pam v{t + t ) r 

n \LO n p\ Jo 



1 f T 

-5 pn 5{otA, 012) 2, TTi T / dtV(t + t Q ) 

T% K Wsn\ JO 
1 f T 

-S pn 6(a3,ai) } jTTi / dtV(t + t ) sa , na4 V(t + t ) 

na.2 -.sot 

(42) 

n \w ns \ Jo 



G 



Then for the diagonal elements of the density matrix we have p(r + to) w p(to) + j^A(T,to)p(to), or 

±p(t)^l-A(r,t)p(t)- (43) 

If the perturbation V does not depend on t then it follows from Eq. (^) that the diagonal elements of the density 
matrix evolve exponentially. 



A. Example 

As an example we will consider the evolution of the measured two-level system. The system is forced by the 
perturbation V which induces the jumps from one state to another. The Hamiltonian of this system is 

H = H Q + V (44) 

where 

Ho = (45) 

V = va + + v*a- (46) 

Here o^, <j2, 03 arc Pauli matrices and a± — \ ± ia-j). The Hamiltonian ff has two eigenf unctions |0) and |1) with 
the eigenvalues — h% and h% respectively. The evolution operator of the unmeasured system is 





2l TT ■ 1 






— if sin 






nn \ 





(47) 



where 



fi=y^ + 4^. (48) 

If the initial density matrix is p(0) — |1)(1| then the evolution of the diagonal elements of the unmeasured system's 
density matrix is given by the equations 



(49a) 



"•w-C 1 -(h)*) *''(?*)■ (49b) 

Let us consider now the dynamics of the measured system. The equations for the diagonal elements of the density 
matrix (Eq. (|43| ) ) for the system under consideration are 

-irPn » -r^- (Pn -Poo), (50a) 

at ti n h 

-ttPoo « -7— - (Poo - Pn) ■ (50b) 



dt t uin 

where the inhibition time, according to Eq. (p8|), is 

A_ 



Tito 2 



V 

The solution of Eqs. (|5C|) with the initial condition p(0) = 1) (1| is 



(51) 



Pn(t) = l (l + exp( -T^-t) ) , (52a) 



2 V V ^inh 

2 

2 \ V ^inh 



M*) = I (l-exp( -T^-t) ) . (52b) 
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From Eq. (40b) it follows that if the density matrix of the system is 



1 



Pf=n(\0) (0| + |1)(1|) 



(53) 



then S(r)pf = pf. Hence, when the number of the measurements tends to infinity, the density matrix of the system 
approaches pf. 




FIG. 1. The occupation of the initial level 1 of the measured two-level system calculated according to Eqs. (|H|), (^) and 
(p-ij). The used parameters are h = 1, a 2, = 1, u) = 2, v = 1. The strength of the measurement A = 50 and the duration of the 
measurement r = 0.1. The exponential approximation (32a) is shown as a dashed line. For comparison the occupation of the 
level 1 of the unmeasured system is also shown (dotted line) . 




0.000 



FIG. 2. The non-diagonal element of the density matrix of the measured two-level system. Used parameters are the same as 
in Fig. § 
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FIG. 3. The occupation of the initial level 1 of the measured two-level system for different strengths of the measurement: 
= 50, t = 0.1 (dashed line) and A = 5, r = 0.2 (solid line). Other parameters are the same as in Fig. [l] 



We have performed the numerical analysis of the dynamics of the measured two-level system ([44J) — (|46|) using Eqs. 
j|), and (^7j) with the Gaussian correlation function ( p"5| ) 



F(u) = exp ( ) . (54) 



From the condition f_ F(v)dv = 2C we have C = <J\f\- The initial state of the system is |1). The matrix elements 
of th e density matrix p(t)u and p(i)io are represented in Fig. [I] and Fig. |], respectively. In Fig. |l| the approximation 



(52a) is also shown. This approach is close to the exact evolution. The matrix element p(t)n for two different values 
of A is shown in Fig. ||. We see that for larger A the evolution of the system is slower. 

The influence of the repeated non-ideal measurements on the two level system driven by the periodic perturbation 
has also been considered in Refs. |2^-|2r|. Similar results have been found: the occupation of the energy levels changes 
exponentially with time, approaching the limit i. 



VI. THE DECAYING SYSTEM 



We consider the system which consists of two parts. We can treat the first part as an atom, and the second part 
as the field (reservoir). The energy spectrum of the atom is discrete and the spectrum of the field is continuous. The 
Hamiltonians of these parts are Hq and Hi respectively and the eigenfunctions are \n) and |a), 

H |n) = E n \n) , (55a) 
Hi \a) =E a \a). (55b) 

There is the interaction between the atom and the field represented by the operator V. So, the Hamiltonian of the 
system is 

H s = H + H l + V, (56) 

The basis for the full system is \na) — \n) <g) \a). 

When the measurement is not performed, such a system exhibits exponential decay, valid for the intermediate times. 
The decay rate is given according to the Fermi's Golden Rule 

R{ioti -» fa 2 ) = ^ \Vfa 2 ,iai I 2 P (hvif) (57) 

where 
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~(E a2 -E ai )=u if (58) 

and p (E) is the density of the reservoir's states. 

When the energy level of the atom is measured, we can use the perturbation theory, as it is in the discrete case. 

The initial state of the field is a vacuum state |0) with energy Eq = 0. Then the density matrix of the atom is 
Po(t) = Tri {p(r)} = Tri {S(r)p(0)} or po(r) — 5 e /(r)/5o(0), where S e f is an effective superoperator 

OL 

When the states of the atom are weakly coupled to a broad band of states (continuum), the transitions back to the 
excited state of the atom can be neglected (i.e., we neglect the influence of emitted photons on the atom). Therefore, 
we can use the superoperator S e f for determination of the evolution of the atom. 

Since the states in the reservoir are very dense, one can replace the sum over a by an integral over E a 



J2- = fdE aP {E a ) 

a J 

where p(E a ) is the density of the states in the reservoir. 



A. The spectrum 

The density matrix of the field is pi(r) = Tra{p(r)} = Ttq {5(r) j o(0)}. The diagonal elements of the field's 
density matrix give the spectrum. If the initial state of the atom is \i) then the distribution of the field's energy is 



W (E a ) = Pl ( T ) aa = J2 f S(T)f a l0 fa . From Eqs. flAJ]), @ and @ we obtain 



^) = EplW 2 Tp(^) (60) 

where P(u>)if is given by the equation ([54]). From Eq. ( J60| ) we see that P{lo) is the measurement-modified shape of 
the spectral line. 

The integral in Eq. (^) is small when the exponent oscillates more rapidly than the function F . This condition is 
fulfilled when — uiij > . Consequently, the width of the spectral line is 

AEif = AtkJif. (61) 

The width of the spectral line is proportional to the strength of the measurement (this equation is obtained using 
the assumption that the strength of the interaction with the measuring device A is large and, therefore, the natural 
width of the spectral line can be neglected) . The broadening of the spectrum of the measured system is also reported 
m Ref. 0] for the case of an electron tunneling out of a quantum dot. 

B. The decay rate 



The probability of the jump from the state i to the state / is W(i — ► /;r) = S e f{r) l h. From Eqs. (59) it follows 

W(i^f;r)=J2W(i0,^fa,T) (62) 

a 

Using Eq. ( |33| ) we obtain the equality 

2ttt f +oc 

W (i - /; T) = -p- / d^G {w) fi P (u) if . (63) 

where 

G(u) fi = [ dE a p(E a )G(u)) fa , i0 (64) 
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The expression for G(u>) according to Eq. (|3^) is 



G(uj)fi = Tip(hoj) \VfE a =hu>,io\ ■ (65) 

The quantity G (u>) is the reservoir coupling spectrum. 

The measurement-modified decay rate is R(i — > /) — ~W(i — * /; r). From Eq. ( |63| ) we have 

o_ poo 

R(i - /) = T2 / du>G{w) fi P(w)if. (66) 

The equation ( |6^ ) represents a universal result: the decay rate of the frequently measured decaying system is deter- 
mined by the overlap of the reservoir coupling spectrum and the measurement-modified level width. This equation 



was derived by Kofman and Kurizki |14| , assuming the ideal instantaneous projections. We show that Eq. (66) is 
valid for the more realistic model of the measurement, as well. An equation, similar to Eq. ( |66| ) has been obtained in 
Ref . [^7| , considering a destruction of the final decay state. 

Depending on the reservoir spectrum G{ui) and the strength of the measurement the inhibition or acceleration of 
the decay can be obtained. If the interaction with the measuring device is weak and, consequently, the width of the 
spectral line is much smaller than the width of the reservoir spectrum, the decay rate equals the decay rate of the 
unmeasured system, given by the Fermi's Golden Rule (|5^). In the intermediate region, when the width of the spectral 
line is rather small compared with the distance between oji / and the nearest maximum in the reservoir spectrum, the 
decay rate grows with increase of A. This results in the anti-Zeno effect. 

If the width of the spectral line is much greater compared both with the width of the reservoir spectrum and the 
distance between uiif and the centrum of the reservoir spectrum, the decay rate decreases when A increases. This 
results in the quantum Zeno effect. In such a case we can use the approximation 

G (uj) fi w %B fi 5 (uj - uj r ) . (67) 

where Bfi is defined by the equality Bfi = j- J G (uj) ^ dio and ujr is the centrum of G(u>). Then from Eq. ( p^ ) we 
obtain the decay rate R(i — ► /) « j^BfiP (ujif) i j. From Eq. (|34|), using the condition At \uiif \ 1 and the equality 
f^oo F (v) dv — 2C we obtain 



Therefore, the decay rate is equal to 



The obtained decay rate is insensitive to the spectral shape of the reservoir and is inverse proportional to the mea- 
surement strength A. 



VII. SUMMARY 



In this work we investigate the quantum Zeno effect using the definite model of the measurement. We take into 
account the finite duration and the finite accuracy of the measurement. The general equation for the probability of 
the jump during the measurement is derived (|33|). The behavior of the system under the repeated measurements 
depends on the strength of measurement and on the properties of the system. 

When the the strength of the interaction with the measuring device is sufficiently large, the frequent measurements 
of the system with discrete spectrum slow down the evolution. However, the evolution cannot be fully stopped. Under 
the repeated measurements the occupation of the energy levels changes exponentially with time, approaching the limit 
of the equal occupation of the levels. The jump probability is inversely proportional to the strength of the interaction 
with the measuring device. 

In the case of a continuous spectrum the measurements can cause inhibition or acceleration of the evolution. Our 
model of the continuous measurement gives the same result as the approach based on the projection postulate p4[ . 
The decay rate is equal to the convolution of the reservoir coupling spectrum with the measurement-modified shape of 
the spectral line. The width of the spectral line is proportional to the strength of the interaction with the measuring 
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device. When this width is much greater than the width of the reservoir, the quantum Zeno effect takes place. 
Under these conditions the decay rate is inversely proportional to the strength of the interaction with the measuring 
device. In a number of decaying systems, however, the reservoir spectrum G(cu) grows with frequency almost up to 
the relativistic cut-off and the strength of the interaction required for the appearance of the quantum Zeno effect is 
so high that the initial system is significantly modified. When the spectral line is not very broad, the decay rate may 
be increased by the measurements more often than it may be decreased and the quantum anti-Zeno effect can be 
obtained. 

APPENDIX: THE SUPEROPERATOR 

We obtain the superoperator S in the second order approximation substituting the approximate expression for the 
evolution operator (p^) into Eq. (||). Thus we have 

S(r, t ) = S<°>(r) + SW(t, to) + S (2) (r, to) (Al) 

where S^ \t) is the superoperator of the unperturbed measurement given by Eq. @, £W(t,£ ) is the first order 
correction, 

S ,(1) (r,t )™^ 3 1 ;™" 2 = —5 rm 8(a 4l ,a2)exp(iuj rai:Pa3 T) / dtV(t + t ) pa3 , nai 
l < 1 Jo 

x exp(iu pa3tnai t)F(\(iJ rp T + uj pn t)) 

i r 

r) / dtV{t + to) 

JO 

X eXp(iu> ma2irai t)F(\(u rp T + UJmrt)), (A2) 

and S^ 2 \r,to) is the second order correction, 



S (2) (u = ^2 ex P (^ rQ4 , pQ3 T) f dh f dt 2 V(h + to) pa3 , nai V(t 2 + t Q ) 



m«2 ,ra4 



Jo 

xF(X(uj rp T + OJpnti + 0J mr t 2 )) exp(iu! pa3 h) 



5(0:4, 0*2) exp(iw ra4iPQ3 r) > 

n 



,ti 

dt x / dt 2 V(tx + t ) P Q3 ,sa 

V(t 2 + to) 

Jo 

xF(\(uj rp T + w ps t x + uj sn t 2 )) exp(iu> pa3;Sa tx + iu sa . nai t 2 ) 



-nS pn 8{az,cxi) exp(iu> raiiPa3 T) ^ 



where 



h 

dt x / dt 2 V(t 2 + t ) 

ma 2 ,sot 

V(tx+t ) 

JO 

xF(X(uj rp T + uj sr tx + w m st 2 )) exp(zw SQ:TO4 ti + iu; mQ2iSa t 2 ), (A3) 



^7701 ,77702 ^77777 I . • V / 
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